In this paper, for a formal, path connected, finite-dimensional CW-complex X of finite type and a q-connected space Y of finite type with q dim X, we determine the necessary and sufficient condition for the rational cohomology algebra H * (F * (X, Y ); Q) of the function space F * (X, Y ) of based maps to be free.
Introduction
Let F(X, Y ) and F * (X, Y ) be function spaces of free maps and based maps from a space X to a space Y respectively. Then F(X, Y ) and F * (X, Y ) are path connected if X is a path connected, finite-dimensional CW-complex of finite type and Y is a q-connected space with q dim X.
A commutative graded algebra A = {A p } p 0 satisfying A 0 = Q is said to be free if A is isomorphic to a free commutative graded algebra ∧V on a graded vector space V .
A commutative cochain algebra (A, d) satisfying H 0 (A) = Q is said to be formal if (A, d) and (H(A), 0) are connected by a chain of quasi-isomorphisms. A path connected space X is said to be formal if the commutative cochain algebra A PL (X) of rational polynomial differential forms on X is formal.
It is known that, for an arbitrary n-connected space Y with n 1, the rational cohomology algebra
of the n-fold loop space Ω n Y of Y is free, and that spheres S n are formal. In this paper, for a formal, path connected, finite-dimensional CW-complex X of finite type and a q-connected space Y of finite type with q dim X, we consider the condition for the rational cohomology algebra H * (F * (X, Y ); Q) of the function space F * (X, Y ) of based maps to be free.
Let H * (X; Q) = {H p (X; Q)} p 0 be the rational cohomology algebra for a path connected space X with the cup product ∪ : H * (X; Q) ⊗ H * (X; Q) → H * (X; Q).
Recall that the rational cup length cup(X; Q) of X is defined by
where Let ∧V ⊗ H * (X; Q) be a graded vector space with grading |v ⊗ c| = |v| − |c| for v ∈ ∧V and c ∈ H * (X; Q). Let ∧(∧V ⊗ H * (X; Q)) be the free commutative graded algebra on ∧V ⊗ H * (X; Q) with the differential d ⊗ id, and let I be the ideal in ∧(∧V ⊗ H * (X; Q)) generated by 1 ⊗ 1 − 1 and all elements of the form
for v , v ∈ ∧V and c ∈ H * (X; Q) with ∆c = c j ⊗ c j . Then (d ⊗ id)(I) ∈ I ([2, Theorem 3.3]) and the composition map
Next, let us consider the evaluation fibration
where ev * is the evaluation map at the basepoint of X.
is a minimal Sullivan model for F(X, Y ) described above. Thus the inclusion map i is viewed as a model for the evaluation map ev * .
Let J be an ideal of 
where
Proof of Theorem 1.1
It is known that minimal Sullivan models for a simply connected space of finite type are all isomorphic, and that the isomorphism class of a minimal Sullivan model for a simply connected space of finite type is a rational homotopy invariant. Hence, for the proof of Theorem 1.1, it is sufficient to prove the following. 
is also an isomorphism, we get the inverse inequality. Thus
Proof of Theorem 1.2
Let X and Y be as in Theorem 1.2. Let (∧V, d) be a minimal Sullivan model for Y and H * (X; Q) the rational homology coalgebra for X. Then, as described in Section 2, F * (X, Y ) has a minimal Sullivan model of the form
It is easy to see that
is free if and only if δ = 0, and that δ = 0 if and only if δ(∧(V ⊗ H + (X; Q))) ∈ J. Hence, for the proof of Theorem 1.2, it is sufficient to prove the following.
Thus we need to explain the differential δ in detail. Let ∆ be the coproduct on H * (X; Q). Then the reduced coproduct
is defined by ∆c = ∆c−c ⊗ 1−1 ⊗ c for c ∈ H + (X; Q). Moreover, the k-th coproduct ∆ (k) and the k-th reduced coproduct ∆ (k) are defined inductively by
where H ⊗k+1 denotes the (k + 1)-times tensor product of H. Let H * (X; Q) be the rational cohomology algebra for X with the cup product ∪. Since X is of finite type, H * (X; Q) with ∪ and H * (X; Q) with ∆ are dual each other. Hence we have immediately Moreover, since the cup product ∪ is associative and commutative, so is the coproduct ∆, that is, (∆ ⊗ id)∆ = (id ⊗∆)∆ and τ ∆ = ∆, where τ is defined by 
and so ε(i 1 , j 1 ; i 2 , j 2 ) = |v i2 ||c j1 |. Let k 3 and assume that the formula is true until k − 1. Since
Furthermore, since
we have
and so
Now we can prove Proposition 4.1.
Proof of Proposition 4.1. Notice that cup(X; Q) < ∞ since X is finite-dimensional. 
(1). For an arbitrary element c j ∈ B H * with c j = 1 and k m, we may denote 
with c j s = 1 for 1 s m.
cannot be canceled by other terms.
If i s = i s+1 for some s, |v is | must be even. Then we have
and, by Lemma 4.5, Thus there exists an element
Some examples
Since cup(X; Q) < ∞ if X is finite-dimensional and dl(Y ) > 1 for any simply connected space Y of finite type, we have • a product of above spaces.
Example 2. The following spaces are formal and all cup products on the positive dimensional rational cohomology algebra are trivial:
• spheres,
• suspensions of spaces (cf. [3, Proposition 13.9]),
• co-H-spaces,
• a wedge of above spaces.
Note that a co-H-space is rationally homotopy equivalent to a wedge of spheres (cf.
[1, Section 7]), and a wedge of formal spaces is also formal.
A product of spheres S i1 × · · · × S in is an (i 1 + · · · + i n )-dimensional CW-complex and a formal space with cup(S i 1 × · · · × S i n ; Q) = n. It is known that the n-th James reduced product space J n (S 2i ) of a 2i-dimensional sphere S 2i is a 2ni-dimensional CW-complex which has the rational cohomology
with |c| = 2i, and has a minimal Sullivan model of the form
with |v| = 2i. Hence we have Notice that dl(S 6 ) = 2 = cup(S 1 × S 3 ; Q). A basis for H * (X; Q) is given by  {1, c 1 , c 3 
